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9.5.3 A large spherical cloud of gas of radius Ry is centred at the origin and has uniform
density poo and zero pressure . At time ¢ = 0 it begins to collapse from rest under its
own gravity. At time ¢ the velocity field within the cloud may be written as follows:

R(:}]

R(1)
where R(1) is the cloud radius and r is the radius vector from the origin. Show that
the density remains uniform and that at time 7 it is given by

ug(r,t) = r[ (9.59)

po(1) = poolRo/R()P. (9.60)
Show that the gravitational force within the cloud is given by
g=-r [%:eru(.'):l (9.61)
132 Gravitational instability
and hence that
RPR=- %Jerng,. (9.62)
Show that the collapse is described implicitly by
R= éRU(] + cos @) (9.63)
and
(Gli= %Ru(cﬁ + sin¢), (9.64)
where
c? = %:ermR%. (9.65)

As the cloud collapses (still with zero pressure) it is subject to small perturbations.
Ignoring the effects of the cloud boundaries (or assuming the cloud is infinitely large).
we assume that the perturbations take the form

p(r.t) = po(t) + p'(r,1), (9.66)
with
p'(r, 1) = pi (1) exp(ik - 1) (9.67)
and where
.
k(r) = 70 (9.68)

and q is independent of r. Explain briefly the physical motivation for such an
assumption.
Using this assumption, show that the equation of mass conservation implies

) R .po
Ipi=+i—q-u; =0, }
f1+ 91R+1Rq u =0 (9.69)
where u) (7) is the analogous velocity perturbation.
Similarly, show that
P - q
) + —uy = —i—dy, (9.70)

R R
where @ is the analogous perturbation to the gravitational potential, and that

©.71)

Hence show that for compressive modes the fractional density perturbation, defined
by 8(1) = p1(t)/po(r), satisfies the following equation:

2R .
s+ ?5 — 4 Gpp(r)d = 0. (9.72)
Show that one solution of this equation is given implicitly by
sin
Sy 2R 9.73)

(1 4+ cos¢)?

By considering the behaviour of the solutions as R — 0, i.e. as ¢ — o, or
otherwise, show that this is the only growing solution as the collapse proceeds. (See
Coles & Lucchin (1995 and Weinbere (1972).)
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