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Finite Difference (FD) Methods

Conservation Law:

au(t’x)-i-V(J(t,x)) =0 J(t.x)=al(tx)

1D Linear Differential Equation:

oU(tx)  oU(tx)
+a =
ot Ox

0
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One-sided backward e—I

Difference equation:

| At .
Ugi+1j) = U(ij) - A—;A[U(i,j)-U(i,j -1)]

g, anggbady (2011)




One-sided forward | I—o Lax-Friedrichs Z\;

Difference equation: Difference equation:

U(i+1,j)=U(i,j)-ﬂA[U(i,jH)—U(i,j)] T y
U UGi +1)=—[U6ij ~1)+ U(ij +1)] -

At s ;-
AU+ 1)U )]
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Leapfrog AN Lax-Wendroff

Difference equation: Difference equation:

UG +1j)=U(j) -

UG+1j)=U@E-1j)- At
~ 2L AU +1)-Ugij -1)]
24x

_ A AU +1)-06-1)]
24x

2
+ 2 UG +1)-200)+ UGij~L)]
24x
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Beam-Warming 1
Difference equation:

U@i+1))=U(j) -
_ﬁA[3u(i,j)-4U(i,j ~1)+U(ij—2)]
2Ax

2
e _ A2[U(ij)-2U(ij ~1)+ Ui - 2)]
2Ax
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Convergence

U(z,x) - Analytical solution
U(i,j) - Numerical solution

Error function:  E(i,j) = U(ij)—u(t(i),x()))

Numerical convergence (Norm of the Error function):

[EGj) >0, Ax—0
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Time stepping

anlaatan
Ratas

)

2"d order methods in time: I\
& :9)
Ui+1) = F{ UG, UGi-1) } N

O

1st order methods in time:
U(i+1) = F{ U®) )

Starting A) U2) = F{ U(1) } (e.g. One-Sided )
method: B) U@3) =F{ U(2), U(l) } ( Leapfrog)
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Norms

+00
Norm for conservation laws: H‘LI(X,}%) ‘E I| u(X,y)I dx

—00

6 |, = >

Other Norms (e.g. spectral problems)
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Numerical Stability

Courant, Friedrichs, Levy (CFL, Courant number)

CFL = max(ﬂj
At

Upwind schemes for discontinity:

a>0 : One sided forward
a<o0 : One sided backward
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Discontinuous solutions

Advection equation: oU(t,x) np oU(t,x) B
ot o

0

TReEne()
(s 0

Initial condition: UO (X) = {

Analytic solution: Uz, x)=U, (\ — at)

Lax Equivalence Theorem

For awell-posed linear initial value problem, the
method is convergent if and only if it isstable.

Necessary and sufficient condition
for consistent linear method

Well posed: solution exists, continuous, unique;

- numerical stability (t)
- numerical convergence (Xyz)
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Analytic vs Numerical

Lax-Friedrichs Upwind

7 8
| |

Lax-Wendroff




Analytic vs Numerical

Lax-Friedrichs Upwind
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Nonlinear FD methods

Lax-Friedrichs 1
linear stencil: Ui+l))= E[U(i,j -1)+U(j +1)]—

—%a[uafﬁl)-ua;j—l)]

nonlinear stencil: U(i+1,j) = i_' [U('i,j -1)+U(j +1)]—

A
— AL [P +1))-FUGij -1)]
24x
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Nonlinear Equations

A
oU(t,x) g oU(t,x)
ot Ox

Linear conservation: -0

Nonlinear conservation:

8U(t x)

—FU
Ox Oox L)
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Nonlinear FD methods
U@i+1,)=U(j) -

At )
——— AU +1)-UGj-1)
7 (UG +1)-U(ij-1)]
Al - .
+—— A2 [U(ij +1)-2U(i) + U(ij —1)]
2Ax

Lax-Wendroff

MacCormack’s two step method:

U'G)= U(iz/)—"—’,[F(U(i{/ +1))-F(UGij)]

1 At
UG+1))== (U(z/)+U(/))—7[F(U G)-F(U'(~1)]

3 denablink gofbn zob el =] g, anggbady (2011)




FD Methods

Methods to supress numerical instabilities

Numerical diffusion (first order methods)

, P 2 y
oU(t,x) % oU(tx) s 0 U(Zt,)a)
ot ox ox

Ax? Ax T
=——|I—|—a
2A¢t At

Numerical dispersion

(a>0) (a<0)

Lax=-Wendroff Beam-Warming
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Numerical dispersion

; 4 3 ;
oU(t,x) ta oU(t,x) .y 0 U(;,.x)
ot Ox Ox
Lax-Wendroff (or second order methods)

Ax® | AF
MU= = 4 —2a2 i
§) Ax

Beam-Warming method

2 2
yzﬂa 2I—ﬁa+A—IZa2
6 Ax Ax

Numerical dispersion

(a>0) (a<0)

Lax-Friedrichs Donar cell (upwind)

4 05 06 07 08 09 10




Convergence

Lax-Friedrichs:

[Eij) |~ CVt-Ax

Convergence:

[EGj) | >0,  Ax—0

agen. onggbeds (2011)

www . tevza.org/home/course/modelling-11_2011

FD Methods

+ / Primitive
+ / Fast

- [ Accuracy
- / Numerical instabilities

g, anggbady (2011)




