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FINITE DIFFERENCE, FINITE ELEMENT
AND FINITE VOLUME METHODS

FOR PARTIAL DIFFERENTIAL
EQUATIONS

Joaquim Peir6 and Spencer Sherwin
Department of Aeronautics, Imperial College, London, UK

There are three important steps in the computational modelling of any
physical process: (i) problem definition, (ii) mathematical model, and
(iii) computer simulation.

The first natural step is to define an idealization of our problem of
interest in terms of a set of relevant quantities which we would like to mea-
sure. In defining this idealization we expect to obtain a well-posed problem,
this is one that has a unique solution for a given set of parameters. It might not
always be possible to guarantee the fidelity of the idealization since, in some
instances, the physical process is not totally understood. An example is the
complex environment within a nuclear reactor where obtaining measurements
is difficult.

The second step of the modeling process is to represent our idealization of
the physical reality by a mathematical model: the governing equations of the
problem. These are available for many physical phenomena. For example, in
fluid dynamics the Navier—Stokes equations are considered to be an accurate
representation of the fluid motion. Analogously, the equations of elasticity in
structural mechanics govern the deformation of a solid object due to applied
external forces. These are complex general equations that are very difficult to
solve both analytically and computationally. Therefore, we need to introduce
simplifying assumptions to reduce the complexity of the mathematical model
and make it amenable to either exact or numerical solution. For example, the
irrotational (without vorticity) flow of an incompressible fluid is accurately
represented by the Navier—Stokes equations but, if the effects of fluid viscos-
ity are small, then Laplace’s equation of potential flow is a far more efficient
description of the problem.
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After the selection of an appropriate mathematical model, together with
suitable boundary and initial conditions, we can proceed to its solution. In this
chapter we will consider the numerical solution of mathematical problems
which are described by partial differential equations (PDEs). The three classical
choices for the numerical solution of PDEs are the finite difference method
(FDM)), the finite element method (FEM) and the finite volume method (FVM).

The FDM is the oldest and is based upon the application of a local Taylor
expansion to approximate the differential equations. The FDM uses a topo-
logically square network of lines to construct the discretization of the PDE.
This is a potential bottleneck of the method when handling complex geome-
tries in multiple dimensions. This issue motivated the use of an integral form
of the PDEs and subsequently the development of the finite element and finite
volume techniques.

To provide a short introduction to these techniques we shall consider each
type of discretization as applied to one-dimensional PDEs. This will not allow
us to illustrate the geometric flexibility of the FEM and the FVM to their full
extent, but we will be able to demonstrate some of the similarities between the
methods and thereby highlight some of the relative advantages and disadvan-
tages of each approach. For a more detailed understanding of the approaches
we refer the reader to the section on suggested reading at the end of the chapter.

The section is structured as follows. We start by introducing the concept of
conservation laws and their differential representation as PDEs and the alter-
native integral forms. We next discusses the classification of partial differential
equations: elliptic, parabolic, and hyperbolic. This classification is important
since the type of PDE dictates the form of boundary and initial conditions
required for the problem to be well-posed. It also, permits in some cases, e.g.,
in hyperbolic equations, to identify suitable schemes to discretise the differen-
tial operators. The three types of discretisation: FDM, FEM and FVM are then
discussed and applied to different types of PDEs. We then end our overview by
discussing the numerical difficulties which can arise in the numerical solution
of the different types of PDEs using the FDM and provides an introduction to
the assessment of the stability of numerical schemes using a Fourier or Von
Neumann analysis.

Finally we note that, given the scientific background of the authors, the
presentation has a bias towards fluid dynamics. However, we stress that the
fundamental concepts presented in this chapter are generally applicable to
continuum mechanics, both solids and fluids.

1. Conservation Laws: Integral and Differential Forms

The governing equations of continuum mechanics representing the kine-
matic and mechanical behaviour of general bodies are commonly referred
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to as conservation laws. These are derived by invoking the conservation of
mass and energy and the momentum equation (Newton’s law). Whilst they are
equally applicable to solids and fluids, their differing behaviour is accounted
for through the use of a different constitutive equation.

The general principle behind the derivation of conservation laws is that the
rate of change of u(x, r) within a volume V plus the flux of u through the
boundary A is equal to the rate of production of u denoted by S(u, x, t). This
can be written as

)
= [ u@e,0)dvV + [ fu) -ndA — | Su,x,1)dV =0 (1)

which is referred to as the integral form of the conservation law. For a fixed
(independent of #) volume and, under suitable conditions of smoothness of the
intervening quantities, we can apply Gauss’ theorem

V/V-de:A/f-ndA

to obtain
/(ZL;—FV-f(u)—S)dV:O. 2)
v

For the integral expression to be zero for any volume V, the integrand must be
zero. This results in the strong or differential form of the equation
ou
—+ V. fm)—-S=0. (3)
ot
An alternative integral form can be obtained by the method of weighted
residuals. Multiplying Eq. (3) by a weight function w(x) and integrating over
the volume V we obtain

/ (Z_th + V- fu) - S) w(x)dV =0. “4)
Vv

If Eq. (4) is satisfied for any weight function w(x), then Eq. (4) is equivalent
to the differential form (3). The smoothness requirements on f can be relaxed
by applying the Gauss’ theorem to Eq. (4) to obtain

0

V/Ka_b;_s> w(x)_f(”)'Vw(x)}dV+A/f-nw(x)dA=0.

S))

This is known as the weak form of the conservation law.
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Although the above formulation is more commonly used in fluid mechan-
ics, similar formulations are also applied in structural mechanics. For instance,
the well-known principle of virtual work for the static equilibrium of a body
[1], is given by

5W:/(Va+f)-5vdV:0
\%

where 0W denotes the virtual work done by an arbitrary virtual velocity Jv,
o is the stress tensor and f denotes the body force. The similarity with the
method of weighted residuals (4) is evident.

2. Model Equations and their Classification

In the following we will restrict ourselves to the analysis of one-dimensional
conservation laws representing the transport of a scalar variable u(x, t) defined
in the domain Q ={x,7:0 < x < 1,0 < ¢ < T}. The convection—diffusion-
reaction equation is given by

ou 0 ou
L(u)—a+ (au—ba—)—ru—s (6)

ox x

together with appropriate boundary conditions at x =0 and 1 to make the prob-
lem well-posed. In the above equation £(u) simply represents a linear differen-
tial operator. This equation can be recast in the form (3) with f («) =au — ou /ox
and S(u) =s + ru. It is linear if the coefficient a, b, r and s are functions of x
and 7, and non-linear if any of them depends on the solution, u.

In what follows, we will use for convenience the convention that the pres-
ence of a subscript x or ¢ under a expression indicates a derivative or partial
derivative with respect to this variable, for example

d 0 02
1, (x) = ﬁ(x); u,(x, 1) = a—”t‘(x, 0 () = a—x”;(x, 0.

Using this notation, Eq. (6) is re-written as

u, + (au — buy), —ru=s.

2.1. Elliptic Equations

The steady-state solution of Eq. (6) when advection and source terms are
neglected, i.e., a=0 and s=0, is a function of x only and satisfies the Helmholtz
equation

(buy), +ru=0. (7)
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This equation is elliptic and its solution depends on two families of integration
constants that are fixed by prescribing boundary conditions at the ends of the
domain. One can either prescribe Dirichlet boundary conditions at both ends,
e.g., u(0) = ag and u(1) = a, or substitute one of them (or both if r #0) by a
Neumann boundary condition, e.g., u,(0) = g. Here a9, a; and g are known
constant values. We note that if we introduce a perturbation into a Dirichlet
boundary condition, e.g., u(0) = ag + €, we will observe an instantaneous
modification to the solution throughout the domain. This is indicative of the
elliptic nature of the problem.

2.2. Parabolic Equations

Taking @ =0, r =0 and s = 0 in our model, Eq. (6) leads to the heat or
diffusion equation

u, — (buy), =0, ()

which is parabolic. In addition to appropriate boundary conditions of the form
used for elliptic equations, we also require an initial condition at # = 0 of the
form u(x, 0) = up(x) where uy is a given function.

If b is constant, this equation admits solutions of the form u(x, ) = Ae/
sinkx if B + k*b = 0. A notable feature of the solution is that it decays when
b is positive as the exponent < 0. The rate of decay is a function of b. The
more diffusive the equation (i.e., larger b) the faster the decay of the solution
is. In general the solution can be made up of many sine waves of different
frequencies, i.e., a Fourier expansion of the form

u(x,r)= Z A€l sin k,x,
m

where A,, and k,, represent the amplitude and the frequency of a Fourier mode,
respectively. The decay of the solution depends on the Fourier contents of the
initial data since 8,, = —k2b. High frequencies decay at a faster rate than the
low frequencies which physically means that the solution is being smoothed.
This is illustrated in Fig. 1 which shows the time evolution of u(x, ) for
an initial condition uy(x) = 20x for 0 <x < 1/2 and ug(x) = 20(1 — x) for
1/2 < x < 1. The solution shows a rapid smoothing of the slope disconti-
nuity of the initial condition at x = 1/2. The presence of a positive diffusion
(b > 0) physically results in a smoothing of the solution which stabilizes it. On
the other hand, negative diffusion (b <0) is de-stabilizing but most physical
problems have positive diffusion.
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Figure 1. Rate of decay of the solution to the diffusion equation.

2.3. Hyperbolic Equations

A classic example of hyperbolic equation is the linear advection equation
u;+au, =0, )

where a represents a constant velocity. The above equation is also clearly
equivalent to Eq. (6) with b = r = s = 0. This hyperbolic equation also re-
quires an initial condition, u(x, 0) = ug(x). The question of what boundary
conditions are appropriate for this equation can be more easily be answered
after considering its solution. It is easy to verify by substitution in (9) that the
solution is given by u(x,t) = ug(x — at). This describes the propagation of
the quantity u(x, r) moving with speed “a” in the x-direction as depicted in
Fig. 2. The solution is constant along the characteristic line x — at = ¢ with
u(x,t)=ugp(c).

From the knowledge of the solution, we can appreciate that for a >0 a
boundary condition should be prescribed at x =0, (e.g., u(0) = ag) where in-
formation is being fed into the solution domain. The value of the solution at
x =1 is determined by the initial conditions or the boundary condition at x =0
and cannot, therefore, be prescribed. This simple argument shows that, in a hy-
perbolic problem, the selection of appropriate conditions at a boundary point
depends on the solution at that point. If the velocity is negative, the previous
treatment of the boundary conditions is reversed.
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i

u(x,0) !

Figure 2. Solution of the linear advection equation.

The propagation velocity can also be a function of space, i.e., a = a(x) or
even the same as the quantity being propagated, i.e., a = u(x, t). The choice
a =u(x, t) leads to the non-linear inviscid Burgers’ equation

u; +uu, =0. (10)

An analogous analysis to that used for the advection equation shows that
u(x, t) is constant if we are moving with a local velocity also given by u(x, 1).
This means that some regions of the solution advance faster than other re-
gions leading to the formation of sharp gradients. This is illustrated in Fig. 3.
The initial velocity is represented by a triangular “zig-zag” wave. Peaks and
troughs in the solution will advance, in opposite directions, with maximum
speed. This will eventually lead to an overlap as depicted by the dotted line
in Fig. 3. This results in a non-uniqueness of the solution which is obviously
non-physical and to resolve this problem we must allow for the formation and
propagation of discontinuities when two characteristics intersect (see Ref. [2]
for further details).

3. Numerical Schemes

There are many situations where obtaining an exact solution of a PDE is
not possible and we have to resort to approximations in which the infinite set
of values in the continuous solution is represented by a finite set of values
referred to as the discrete solution.

For simplicity we consider first the case of a function of one variable u(x).
Given a set of points x;;i =1, ..., N in the domain of definition of u(x), as
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Figure 3. Formation of discontinuities in the Burgers’ equation.
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Figure 4. Discretization of the domain.

shown in Fig. 4, the numerical solution that we are seeking is represented by a
discrete set of function values {u1, ..., uy} that approximate u at these points,
ie,u; ~u(x;),i=1,...,N.

In what follows, and unless otherwise stated, we will assume that the points
are equally spaced along the domain with a constant distance Ax =x;; — x;;
i=1,..., N — 1. This way we will write u; | & u(x;y1) =u(x; + Ax). This
partition of the domain into smaller subdomains is referred to as a mesh or
grid.
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3.1. The Finite Difference Method (FDM)

This method is used to obtain numerical approximations of PDEs written
in the strong form (3). The derivative of u(x) with respect to x can be defined
as

u(x; + Ax) —u(x;)
m

uxli = ux(xi)

Ax—0 Ax
D)= ulx— A
~ lim u(x;) — u(x; x) (11
Ax—0 Ax
ou(x; + Ax) —u(x; — Ax)
= lim .
Ax—0 2Ax

All these expressions are mathematically equivalent, i.e., the approximation
converges to the derivative as Ax — 0. If Ax is small but finite, the various
terms in Eq. (11) can be used to obtain approximations of the derivate u, of
the form

i, ””;‘”f (12)
X
U —uj—
Uyl; & “Ax (13)
X
Uiyl — Uj—
uﬂxv—izgji (14)

The expressions (12)—(14) are referred to as forward, backward and centred
finite difference approximations of u,|;, respectively. Obviously these approx-
imations of the derivative are different.

3.1.1. Errors in the FDM

The analysis of these approximations is performed by using Taylor expan-
sions around the point x;. For instance an approximation to u;y; using n + 1
terms of a Taylor expansion around x; is given by

Ax? d'u| Ax"
Uipl = Ui + Uql; Ax+”xx|i7+”'+ |

dn+lu Ax”+1
T )

15)

The underlined term is called the remainder with x; < x* < x;;, and repre-
sents the error in the approximation if only the first n terms in the expansion
are kept. Although the expression (15) is exact, the position x* is unknown.
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To illustrate how this can be used to analyse finite difference approxima-
tions, consider the case of the forward difference approximation (12) and use
the expansion (15) with n =1 (two terms) to obtain

i1 — Ui A
T s o+ S (). (16)
We can now write the approximation of the derivative as
Uiyl — Ui
xlj=—— 17
u | Ax + €T ( )
where e is given by
A
€1 == (). (18)

The term et is referred to as the truncation error and is defined as the
difference between the exact value and its numerical approximation. This term
depends on Ax but also on u and its derivatives. For instance, if u(x) is a linear
function then the finite difference approximation is exact and et = 0 since the
second derivative is zero in (18).

The order of a finite difference approximation is defined as the power p
such that lima,_,o(er/Ax?) = y£0, where y is a finite value. This is often
written as ey = O (Ax?). For instance, for the forward difference approxima-
tion (12), we have er = O (Ax) and it is said to be first-order accurate (p = 1).

If we apply this method to the backward and centred finite difference
approximations (13) and (14), respectively, we find that, for constant Ax, their
errors are

u, — U Ax

Uelj = ————+ — i (x*) = er = O(Ax) (19)
Ax 2
wipr —uimg  Ax? N 2
xli = - XXX =0(A 20
Uy T Ax Tha (x*) = er=0(Ax") (20)

with x;_; < x* < x; and x;_; < x* < x;4; for Egs. (19) and (20), respectively.

This analysis is confirmed by the numerical results presented in Fig. 5 that
displays, in logarithmic axes, the exact and truncation errors against Ax for the
backward and the centred finite differences. Their respective truncation errors
et are given by (19) and (20) calculated here, for lack of a better value, with
x* =x* = x;. The exact error is calculated as the difference between the exact
value of the derivative and its finite difference approximation.

The slope of the lines are consistent with the order of the truncation error,
i.e., 1:1 for the backward difference and 1:2 for the centred difference. The dis-
crepancies between the exact and the numerical results for the smallest values
of Ax are due to the use of finite precision computer arithmetic or round-off
error. This issue and its implications are discussed in more detail in numerical
analysis textbooks as in Ref. [3].
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Figure 5. Truncation and rounding errors in the finite difference approximation of derivatives.

3.1.2. Derivation of approximations using Taylor expansions

The procedure described in the previous section can be easily transformed
into a general method for deriving finite difference schemes. In general, we can
obtain approximations to higher order derivatives by selecting an appropriate
number of interpolation points that permits us to eliminate the highest term
of the truncation error from the Taylor expansions. We will illustrate this with
some examples. A more general description of this derivation can be found in

Hirsch (1988).

A second-order accurate finite difference approximation of the derivative
at x; can be derived by considering the values of u at three points: x;_1, x; and
xi+1. The approximation is constructed as a weighted average of these values

{1, ui, uiy1} such as

oty + Pui + yui
uxli ~ Ax .

Using Taylor expansions around x; we can write

Ax? 3
Mi+1=Mi+Ax Mx|i+7uxx|i+7uxxx|i+”'
2 6
Arul + Ax? | Ax? -
U1 =uU;j — X Ux|; = Uxx|; — —— Uxxxl;
! 2 6

21

(22)

(23)
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Putting (22), (23) into (21) we get

auiyy + Pu; + yuiy
Ax

1
= (a +ﬂ+y)A—ui + (o — ) ul;
X
Ax Ax?
+(a + V)T uxxli + (a - V)T uxxxli

Ax? 4
+ (a + V)F uxxxxli + O(A-x ) (24)

We require three independent conditions to calculate the three unknowns a,
f and y . To determine these we impose that the expression (24) is consistent
with increasing orders of accuracy. If the solution is constant, the left-hand side
of (24) should be zero. This requires the coefficient of (1/Ax)u; to be zero and
therefore a4 f+7y =0. If the solution is linear, we must have « —y =1 to match
u,|;. Finally whilst the first two conditions are necessary for consistency of
the approximation in this case we are free to choose the third condition. We
can therefore select the coefficient of (Ax/2) u,.|; to be zero to improve the
accuracy, which means o + y =0.

Solving these three equations we find the values a = 1/2, f =0 and y =
—(1/2) and recover the second-order accurate centred formula

Ui — Uj—1 2
———— + O(Ax").
oax T oA

uxli =

Other approximations can be obtained by selecting a different set of points,
for instance, we could have also chosen three points on the side of x;, e.g.,
u;,u;_1, u;—p. The corresponding approximation is known as a one-sided for-
mula. This is sometimes useful to impose boundary conditions on u, at the
ends of the mesh.

3.1.3. Higher-order derivatives

In general, we can derive an approximation of the second derivative using
the Taylor expansion

auiyy + Pu; + yuiy
Ax?

1 1
= (a +ﬂ+)’)A—xzui+(0‘ —V)A—x Uyl;

1 Ax
+ (o + V)E Uyl + (o — V)? Uyxxli
Ax?
+ (a + V)F uxxxxli + O(Ax4)~ (25)
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Using similar arguments to those of the previous section we impose

a+p+y=0
oa—y =0, = a=y=1, f=-2. (26)
a+y =2

The first and second conditions require that there are no u or u, terms on the
right-hand side of Eq. (25) whilst the third conditon ensures that the right-
hand side approximates the left-hand side as Ax tens to zero. The solution of
Eq. (26) lead us to the second-order centred approximation

Wipr — 2u; +ui_y

Ax?

The last term in the Taylor expansion (o — y ) Axu,,,|; /6 has the same coeffi-
cient as the u, terms and cancels out to make the approximation second-order
accurate. This cancellation does not occur if the points in the mesh are not
equally spaced. The derivation of a general three point finite difference ap-
proximation with unevenly spaced points can also be obtained through Taylor
series. We leave this as an exercise for the reader and proceed in the next
section to derive a general form using an alternative method.

+ O(Ax?). 27

“xxli =

3.1.4. Finite differences through polynomial interpolation

In this section we seek to approximate the values of u(x) and its derivatives
by a polynomial P(x) at a given point x;. As way of an example we will
derive similar expressions to the centred differences presented previously by
considering an approximation involving the set of points {x;_1, x;, x;+1} and
the corresponding values {u;_1, #;, u;+1}. The polynomial of minimum degree
that satisfies P(x;_1) = u;—1, P(x;) =u; and P(x;4) = u;y; is the quadratic
Lagrange polynomial

P(x) = u; (x = x)(x = xi41) (= xim) (= xig)
T = )i —xie) = o) (6 — Xig1)
P ik o Vi e ) (28)

(i1 — Xi—1) (Xip1 — ;)
We can now obtain an approximation of the derivative, u.|; =~ P, (x;) as

(xi = xi41) (x; —xi1) + (6 — xi41)

Pe(x;) =u;— i
(i) = u Yooy - x;)(xi—1 — Xiq1) T (xi — xi—)(xi — Xi41)
(29)

(xi — xi—1)
(i1 — xim) (Xig1 — X;)
If we take x; — x;_; = x;4+1 — x; = Ax, we recover the second-order accu-
rate finite difference approximation (14) which is consistent with a quadratic

+ Uit
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interpolation. Similarly, for the second derivative we have
2u i—1 2u i

(i1 = X)) (xi—1 = Xi41) - (x; = xi—1) (% — Xi41)
+ Ui (30)

(Xit1 = xi—1) (X1 — ;)
and, again, this approximation leads to the second-order centred finite differ-
ence (27) for a constant Ax.

This result is general and the approximation via finite differences can be
interpreted as a form of Lagrangian polynomial interpolation. The order of the
interpolated polynomial is also the order of accuracy of the finite diference
approximation using the same set of points. This is also consistent with the
interpretation of a Taylor expansion as an interpolating polynomial.

Pxx(xi) =

3.1.5. Finite difference solution of PDEs

We consider the FDM approximation to the solution of the elliptic equation
Uy, = 5(x) in the region Q = {x : 0 < x < 1}. Discretizing the region using N
points with constant mesh spacing Ax =(1/N —1)orx;=({ — 1/N — 1), we
consider two cases with different sets of boundary conditions:

1. u(0) =0y and u(1) = a,, and
2. u(0)=0a; and u,(1)=g.

In both cases we adopt a centred finite approximation in the interior points
of the form

Uip1 — 2u; +uj .
s e oy i=2,...,N—1. (31)
The treatment of the first case is straightforward as the boundary conditions
are easily specified as u; =a; and uy =a,. These two conditions together with
the N —2 equations (31) result in the linear system of N equations with N
unknowns represented by

1 0 0 Uy o
1 =2 1 0 Us Ax?s,
1 -2 1 o ... 0 us3 Ax?s;
0O ... 0 1 -2 1 0 UN_? AxZsy_»
0 e 1 -2 1 un—1 AXZSN_l
| O 0O 1] un | i 0 l
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This matrix system can be written in abridged form as Au = s. The matrix
A is non-singular and admits a unique solution u. This is the case for most
discretization of well-posed elliptic equations.

In the second case the boundary condition u(0) = a is treated in the same
way by setting u; = a;. The treatment of the Neumann boundary condition
u, (1) = g requires a more careful consideration. One possibility is to use a
one-sided approximation of u, (1) to obtain

(1) ~ I IN=L o (32)
Ax
This expression is only first-order accurate and thus inconsistent with the
approximation used at the interior points. Given that the PDE is elliptic, this
error could potentially reduce the global accuracy of the solution. The alterna-
tive is to use a second-order centred approximation

UN+1 — UN-1
uy(l)y ¥ ——— =g. (33)
Ax
Here the value uy . is not available since it is not part of our discrete set of
values but we could use the finite difference approximation at x, given by

Unt1 — 22Uy + Uy
Ax?

_SN

and include the Neumann boundary condition (33) to obtain
1 2
uN—uN_1=§(gAx—sNAx ). (34)

It is easy to verify that the introduction of either of the Neumann boundary
conditions (32) or (34) leads to non-symmetric matrices.
3.2. Time Integration

In this section we address the problem of solving time-dependent PDEs
in which the solution is a function of space and time u(x, t). Consider for
instance the heat equation

Uy —buy =s(x)inQ={x,r:0<x<1,0<¢tr<T}

with an initial condition u(x, 0) = u(x) and time-dependent boundary condi-
tions u(0,1) = a;(t) and u(l,t) = a,(t), where a; and a, are known
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functions of 7. Assume, as before, a mesh or spatial discretization of the
domain {xq, ..., xy}.

3.2.1. Method of lines

In this technique we assign to our mesh a set of values that are functions
of time u;(t) = u(x;,t); i =1,..., N. Applying a centred discretization to
the spatial derivative of u leads to a system of ordinary differential equations
(ODEs) in the variable ¢ given by

dbli
dt

b
=2 {uic1 () = 2u; (1) + i (O} + 535 i=2,...,N—1

with u; = a;(¢) and uy = a,(¢). This can be written as

i bo (1)
uy -2 1 175) 52 + sz
u 1 =21 u s
d '3 . b 3 N 3
de | © | Ax? oo :
Un_2 1 =21 Un_2 SN—2
Un-—1 1 =2 Un—1 SN_1 b(lz(l‘)
L Ax? |
or in matrix form as
du
a(t) =Au(r) +s(). (35)

Equation (35) is referred to as the semi-discrete form or the method of lines.
This system can be solved by any method for the integration of initial-value
problems [3]. The numerical stability of time integration schemes depends on
the eigenvalues of the matrix A which results from the space discretization.
For this example, the eigenvalues vary between 0 and —(4a/Ax?) and this
could make the system very stiff, i.e., with large differences in eigenvalues, as
Ax — 0.

3.2.2.  Finite differences in time

The method of finite differences can be applied to time-dependent prob-
lems by considering an independent discretization of the solution u(x, ¢) in
space and time. In addition to the spatial discretization {x1, ..., xy}, the dis-
cretization in time is represented by a sequence of times 1° =0 < --- < " <

- < T. For simplicity we will assume constant intervals Ax and Af in space
and time, respectively. The discrete solution at a point will be represented by
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u?! ~ u(x;,t") and the finite difference approximation of the time derivative
follows the procedures previously described. For example, the forward differ-
ence in time is given by

w(e, ") —u(x, 1)
At

Mt(x: tn) ~

and the backward difference in time is

u(x, tn+1) - M(-xa tn)
At

ut(x5 tn+l) ~

both of which are first-order accurate, i.e., er = O (At).

Returning to the heat equation u, — bu,, =0 and using a centred approx-
imation in space, different schemes can be devised depending on the time at
which the equation is discretized. For instance, the use of forward differences
in time leads to
n+l _ u” b

’ ‘ r=2ul +ul). (36)

. =72 (
At Ax2 -

This scheme is explicit as the values of the solution at time #"*! are obtained
directly from the corresponding (known) values at time ¢". If we use backward
differences in time, the resulting scheme is

ulr_l+1 _

uzn b n+1 n+1 n+1
e () =20+ urt)). 37)
Here to obtain the values at #"*! we must solve a tri-diagonal system of equa-
tions. This type of schemes are referred to as implicit schemes.

The higher cost of the implicit schemes is compensated by a greater numer-
ical stability with respect to the explicit schemes which are stable in general
only for some combinations of Ax and At.

3.3. Discretizations Based on the Integral Form

The FDM uses the strong or differential form of the governing equations.
In the following, we introduce two alternative methods that use their integral
form counterparts: the finite element and the finite volume methods. The use
of integral formulations is advantageous as it provides a more natural treat-
ment of Neumann boundary conditions as well as that of discontinuous source
terms due to their reduced requirements on the regularity or smoothness of the
solution. Moreover, they are better suited than the FDM to deal with complex
geometries in multi-dimensional problems as the integral formulations do not
rely in any special mesh structure.
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These methods use the integral form of the equation as the starting point
of the discretization process. For example, if the strong form of the PDE is
L(u) = s, the integral from is given by

1

1

/[,(u)u)(x) dx = /su)(x) dx (38)
0 0

where the choice of the weight function w(x) defines the type of scheme.

3.3.1. The finite element method (FEM)

Here we discretize the region of interest Q = {x:0 < x < 1}into N — 1
subdomains or elements Q; = {x :x;_; < x < x;} and assume that the approx-
imate solution is represented by

N
W(x,1)=> u;(t)Ni(x)
i=1

where the set of functions N;(x) is known as the expansion basis. Its support
is defined as the set of points where N;(x)#0. If the support of N;(x) is the
whole interval, the method is called a spectral method. In the following we will
use expansion bases with compact support which are piecewise continuous
polynomials within each element as shown in Fig. 6.

The global shape functions N;(x) can be split within an element into two
local contributions of the form shown in Fig. 7. These individual functions are
referred to as the shape functions or trial functions.

3.3.2. Galerkin FEM

In the Galerkin FEM method we set the weight function w(x) in Eq. (38)
to be the same as the basis function N;(x), i.e., w(x) = N;(x).

Consider again the elliptic equation £(u) = u,, = s(x) in the region Q with
boundary conditions u(0) = a and u, (1) = g. Equation (38) becomes

1 1
/w(x)uxx dx = / w(x)s(x)dx.
0 0

At this stage, it is convenient to integrate the left-hand side by parts to get the

weak form
1 1

— / wy Uy dx + w(1) u, (1) — w(0) u, (0) = / w(x)s(x)dx. 39)
0

0
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Figure 7. Finite element expansion bases.

This is a common technique in the FEM because it reduces the smoothness
requirements on # and it also makes the matrix of the discretized system sym-
metric. In two and three dimensions we would use Gauss’ divergence theorem
to obtain a similar result.

The application of the boundary conditions in the FEM deserves attention.
The imposition of the Neumann boundary condition u, (1) =g is straightfor-
ward, we simply substitute the value in Eq. (39). This is a very natural way
of imposing Neumann boundary conditions which also leads to symmetric
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matrices, unlike the FDM. The Dirichlet boundary condition #(0) =« can be
applied by imposing u#; =a and requiring that w(0)=0. In general, we will
impose that the weight functions w(x) are zero at the Dirichlet boundaries.

Letting u(x) ~u’(x) = Z?[:l u;jN;(x) and w(x)=N;(x) then Eq. (39) be-
comes

1

/
fori=2, ..., N.This represents a linear system of N — 1 equations with N — 1
unknowns: {u,, ..., uy}. Let us proceed to calculate the integral terms corre-
sponding to the ith equation. We calculate the integrals in Eq. (40) as sums of
integrals over the elements €2;. The basis functions have compact support, as

shown in Fig. 6. Their value and their derivatives are different from zero only
on the elements containing the node i, i.e.,

aN, Y aw; 1
" (x)j;uj(bc‘/(x)dx:b/Ni(x)s(x) dx (40)

X = Xj—1
—— Xi_] <X < X;
Axi_y
Ni(x) =
Xit1 — X
—— X <X < Xjy1
AX,’
1
Xi—1 <X <X;
dN; (x) Axi_
dx -1
Xi <X < Xj41
AX,‘
with Ax;_; =x; —x;—1 and Ax; = x;4; — x;. This means that the only integrals

different from zero in (40) are

Xi Xi+1

/ dN,-( ANt dNi> / dNi( an; dN,-+1>d
dx gy T de gy T T )
Xi—1 Xi
X Xit1
=/Mm+/me @1)
Xi—1 Xi

The right-hand side of this equation expressed as

Xj Xit1
X — Xi—1 Xiyl — X
F= 7sxdx+/—sxdx
T/ eantULR e et

-1
can be evaluated using a simple integration rule like the trapezium rule
Xi+1

/ 2(x) dx & g(xi) +2g(xi+l) Ax;

Xi
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and it becomes

F= (Ax,-_l + AX,’)
“\ 2 2 )%

Performing the required operations in the left-hand side of Eq. (41) and includ-
ing the calculated valued of F leads to the FEM discrete form of the equation
as

i —ui—y | Ui — Ui Axiop + Ax; s
= ;.
Ax,-_l Axi 2

Here if we assume that Ax;_; = Ax; = Ax then the equispaced approximation
becomes

Uip) — 2U; + Ui
Ax

=Axs;

which is identical to the finite difference formula. We note, however, that the
general FE formulation did not require the assumption of an equispaced mesh.

In general the evaluation of the integral terms in this formulation are more
efficiently implemented by considering most operations in a standard element
Q,, ={—1 < x < 1} where a mapping is applied from the element €; to the
standard element €);,. For more details on the general formulation see Ref. [4].

3.3.3.  Finite volume method (FVM)

The integral form of the one-dimensional linear advection equation is given
by Eq. (1) with f(u) =au and S = 0. Here the region of integration is taken to
be a control volume €);, associated with the point of coordinate x;, represented
by xi—1/2 < X < Xiy(1/2), following the notation of Fig. 4, and the integral
form is written as

Xi+(1/2) Xi+(1/2)
u,dx + / fe(u)dx =0. (42)
Xi—(1/2) Xi—(1/2)
This expression could also been obtained from the weighted residual form (4)
by selecting a weight w(x) such that w(x) =1 for x;_12) < x < Xj4q/2) and

w(x) =0 elsewhere. The last term in Eq. (42) can be evaluated analytically to
obtain

Xit(1/2)

frw)dx=f (Mi+(1/2)) = f (ui—(l/Z))

Xi—(1/2)
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and if we approximate the first integral using the mid-point rule we finally
have the semi-discrete form

uel; (Xiva2) — Xi—ay2) + f (ivasp) — f (wi—a2) =0.

This approach produces a conservative scheme if the flux on the boundary
of one cell equals the flux on the boundary of the adjacent cell. Conservative
schemes are popular for the discretization of hyperbolic equations since, if
they converge, they can be proven (Lax-Wendroff theorem) to converge to a
weak solution of the conservation law.

3.3.4. Comparison of FVM and FDM

To complete our comparison of the different techniques we consider the
FVM discretization of the elliptic equation u,, = s. The FVM integral form of
this equation over a control volume Q; = {x;_(1/2) < x < Xiy1/2)} 18

Xi4(1/2) Xi+(1/2)
Uy dx = / sdx.
Xi—(1/2) Xi—(1/2)
Evaluating exactly the left-hand side and approximating the right-hand side by
the mid-point rule we obtain

Uy (X)) = wx (Xi—q/2)) = (Xiva2) = Xi—q1/2)) Si- (43)
If we approximate u(x) as a linear function between the mesh points i — 1 and
i, we have

|, %Mi_ui—l 0|, %ui+1_ui

limy2) ¥ T xlit(1/2) 7xi+l .

and introducing these approximations into Eq. (43) we now have

Uip1r — Ui U — U

-1
=W — Xi— Si.
Xipl —Xi  Xj — Xi_| (Xi(1/2) = Xi-(1/2)) Si

If the mesh is equispaced then this equation reduces to
Uil — 2u; + Uiy
Ax

which is the same as the FDM and FEM on an equispaced mesh.

Once again we see the similarities that exist between these methods
although some assumptions in the construction of the FVM have been made.
FEM and FVM allow a more general approach to non-equispaced meshes
(although this can also be done in the FDM). In two and three dimensions,
curvature is more naturally dealt with in the FVM and FEM due to the integral
nature of the equations used.

=Axs;,
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4. High Order Discretizations: Spectral Element/p-Type
Finite Elements

All of the approximations methods we have discussed this far have dealt
with what is typically known as the A-type approximation. If # = Ax denotes
the size of a finite difference spacing or finite elemental regions then conver-
gence of the discrete approximation to the PDE is achieved by letting & — 0.
An alternative method is to leave the mesh spacing fixed but to increase the
polynomial order of the local approximation which is typically denoted by p
or the p-type extension.

We have already seen that higher order finite difference approximations
can be derived by fitting polynomials through more grid points. The draw-
back of this approach is that the finite difference stencil gets larger as the
order of the polynomial approximation increases. This can lead to difficulties
when enforcing boundary conditions particularly in multiple dimensions. An
alternative approach to deriving high order finite differences is to use com-
pact finite differences where a Padé approximation is used to approximate the
derivatives.

When using the finite element method in an integral formulation, it is
possible to develop a compact high-order discretization by applying higher
order polynomial expansions within every elemental region. So instead of us-
ing just a linear element in each piecewise approximation of Fig. 6 we can
use a polynomial of order p. This technique is commonly known as p-type
finite element in structural mechanics or the spectral element method in fluid
mechanics. The choice of the polynomial has a strong influence on the nu-
merical conditioning of the approximation and we note that the choice of an
equi-spaced Lagrange polynomial is particularly bad for p > 5. The two most
commonly used polynomial expansions are Lagrange polynomial based on the
Gauss—Lobatto—Legendre quadratures points or the integral of the Legendre
polynomials in combination with the linear finite element expansion. These
two polynomial expansions are shown in Fig. 8. Although this method is more

(a)

—
(=)}
~

~ 02 4 0 =~ =4 o =
4 0 = 4 0 = = o =
4 04 4 0 =2 4o =
4 O 4 4 0 =2 4 o =

Figure 8. Shape of the fifth order (p =5) polynomial expansions typically used in (a) spectral
element and (b) p-type finite element methods.
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involved to implement, the advantage is that for a smooth problem (i.e., one
where the derivatives of the solution are well behaved) the computational cost
increases algebraically whilst the error decreases exponentially fast. Further
details on these methods can be found in Refs. [5, 6].

5. Numerical Difficulties

The discretization of linear elliptic equations with either FD, FE or FV
methods leads to non-singular systems of equations that can easily solved by
standard methods of solution. This is not the case for time-dependent problems
where numerical errors may grow unbounded for some discretization. This is
perhaps better illustrated with some examples.

Consider the parabolic problem represented by the diffusion equation u, —
uy, = 0 with boundary conditions u(0) = u(1) = 0 solved using the scheme
(36) with b =1 and Ax =0.1. The results obtained with Az =0.004 and 0.008
are depicted in Figs. 9(a) and (b), respectively. The numerical solution (b)
corresponding to At =0.008 is clearly unstable.

A similar situation occurs in hyperbolic problems. Consider the one-
dimensional linear advection equation u, + au, =0; with a > 0 and various
explicit approximations, for instance the backward in space, or upwind,
scheme is

n+1 n n n
u;, " —ut u' —ul_
’ Ltat—Tl=0 = wf=(0-ou!+oul_,, @4
At Ax ’ ’ =
the forward in space, or downwind, scheme is
n+1 n n n

u; — Uu; u: —Uu:;

’ Fpa o0 = W= 4ol —ou! (45)
At Ax ’ ’ b
(a) (b)

03 t=0.20— 03 t=0.20—|
t=0.24 t=0.24-
t=0.28- t=0.28-

02 £=0.32-- 02 t=0.32--

° 0 ° 0

-0.1 -0.1

-0.2 -0.2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 9. Solution to the diffusion equation u; + uy, =0 using a forward in time and centred
in space finite difference discretization with Ax =0.1 and (a) A7 =0.004, and (b) Az =0.008.
The numerical solution in (b) is clearly unstable.
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u(x,t)
0) = 1+5x —-02<x<0
u0=91_5. 0<x<02 oo

0 x>02

Figure 10. A triangular wave as initial condition for the advection equation.

and, finally, the centred in space is given by

n+1 n n n

. — U U, —u;_

i i +a i+1 i—1 =0 s M?—H
At 2Ax

u

o
=u; — 5(”74—1 —uj_y)

(46)

where 0 = (aAt/Ax) is known as the Courant number. We will see later that
this number plays an important role in the stability of hyperbolic equations.
Let us obtain the solution of u, + au, =0 for all these schemes with the initial
condition given in Fig. 10.

As also indicated in Fig. 10, the exact solution is the propagation of this
wave form to the right at a velocity a. Now we consider the solution of the
three schemes at two different Courant numbers given by ¢ =0.5 and 1.5. The
results are presented in Fig. 11 and we observe that only the upwinded scheme
when o <1 gives a stable, although diffusive, solution. The centred scheme
when ¢ = 0.5 appears almost stable but the oscillations grow in time leading
to an unstable solution.

6. Analysis of Numerical Schemes

We have seen that different parameters, such as the Courant number, can
effect the stability of a numerical scheme. We would now like to set up a
more rigorous framework to analyse a numerical scheme and we introduce the
concepts of consistency, stability and Convergence of a numerical scheme.

6.1. Consistency

A numerical scheme is consistent if the discrete numerical equation tends
to the exact differential equation as the mesh size (represented by Ax and At)
tends to zero.



26

0.9

0.8

0.7

0.6

0.5

u(xt)

0.4

0.3

0.2

0.1

\

0
-1 -08 -06 -04 -02 0 0.2 0.4

0.6 0.8
c=0.5
1
2
1
]
Z
z
-1
-2
73*1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
x
c=0.5
1.2
1
0.8
0.6
04
E
02
0
-0.2
-0.4
-0.6
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
x
c=0.5
Figure 11.

J. Peiré and S. Sherwin

3
2
1
Z 0
£
-1
-2
-3
-1 -08 -06 04 02 0 02 04 06 08 1
30
20
10
e
=
S
~10
—20
~30
40
-1 -08 -06 04 02 ©0 02 04 06 08 1
x
3
2
1
o
X
‘:{1
-2
-3
—4
1 08 -06 -04 02 0 02 04 06 08 1

c=1.5

condition. Dotted lines: exact solution. Solid line: numerical solution.

Numerical solution of the advection equation u; + auy = 0. Dashed lines: initial

Consider the centred in space and forward in time finite diference approxi-
mation to the linear advection equation u, + au, =0 given by Eq. (46). Let us
ui,; and u}_ around (x;, t") as

consider Taylor expansions of u

u?“ =ul + At u,|! +

2
—Uu

2

n+1
i s

l‘tl?—i_
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2 A 3

X X
n  _ ..n n n n
U g =u; + Ax uyl] + Tuxxli +Tuxxx|i +
2 3
n  _ ..n n n n
i =u; — Ax u,l; + - Urxl] — < Upexl] + -

Substituting these expansions into Eq. (46) and suitably re-arranging the terms
we find that
ntl _ u

1 1
Ar T JAx

where et is known as the truncation error of the approximation and is
given by

u u, , —ul
Bl 2l (w4 auy)|! = er (47)

At n sz n 2 4
€T = 7utt|i + Tauxxxli + O(At , Ax )

The left-hand side of this equation will tend to zero as Af and Ax tend to zero.
This means that the numerical scheme (46) tends to the exact equation at point
x; and time level " and therefore this approximation is consistent.

6.2. Stability

We have seen in the previous numerical examples that errors in numeri-
cal solutions can grow uncontrolled and render the solution meaningless. It
is therefore sensible to require that the solution is stable, this is that the dif-
ference between the computed solution and the exact solution of the discrete
equation should remain bounded as n — oo for a given Ax.

6.2.1. The Courant—Friedrichs—Lewy (CFL) condition

This is a necessary condition for stability of explicit schemes devised by
Courant, Friedrichs and Lewy in 1928.

Recalling the theory of characteristics for hyperbolic systems, the domain
of dependence of a PDE is the portion of the domain that influences the so-
lution at a given point. For a scalar conservation law, it is the characteristic
passing through the point, for instance, the line P Q in Fig. 12. The domain
of dependence of a FD scheme is the set of points that affect the approximate
solution at a given point. For the upwind scheme, the numerical domain of
dependence is shown as a shaded region in Fig. 12.

The CFL criterion states that a necessary condition for an explicit FD
scheme to solve a hyperbolic PDE to be stable is that, for each mesh point,
the domain of dependence of the FD approximation contains the domain of
dependence of the PDE.
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Figure 12. Solution of the advection equation by the upwind scheme. Physical and numerical
domains of dependence: (a) 0 = (aAr/Ax) > 1,(b)o < 1.

For a Courant number ¢ = (aAf/Ax) greater than 1, changes at Q will
affect values at P but the FD approximation cannot account for this.

The CFL condition is necessary for stability of explicit schemes but it is
not sufficient. For instance, in the previous schemes we have that the upwind
FD scheme is stable if the CFL condition ¢ <1 is imposed. The downwind
FD scheme does not satisfy the CFL condition and is unstable. However, the
centred FD scheme is unstable even if o < 1.

6.2.2.  Von Neumann (or Fourier) analysis of stability

The stability of FD schemes for hyperbolic and parabolic PDEs can be
analysed by the von Neumann or Fourier method. The idea behind the method
is the following. As discussed previously the analytical solutions of the model
diffusion equation u, — b u,, =0 can be found in the form

o
u(x,t)= Z efnt glhnx

m=—0oQ

if B,, + b k2 = 0. This solution involves a Fourier series in space and an expo-
nential decay in time since f,, < 0 for » > 0. Here we have included the com-
plex version of the Fourier series, e/** =cos k,,x + I sin k,,x with I = =1,
because this simplifies considerably later algebraic manipulations.

To analyze the growth of different Fourier modes as they evolve under the
numerical scheme we can consider each frequency separately, namely

u(x, 1) = ePnt elknx,
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A discrete version of this equation is u! = u(x;, t") = ehn!" elkn¥i We can take,
without loss of generality, x; =i Ax and " = n At to obtain

Ul = efnndt glhnidx (eﬂmAt)nelk,,,iAx'

The term e/*ni 2% = cos(k,,i Ax) + I sin(k,,i Ax) is bounded and, therefore, any
growth in the numerical solution will arise from the term G = e/, known
as the amplification factor. Therefore the numerical method will be stable, or
the numerical solution u} bounded as n — oo, if |G| < 1 for solutions of the
form

n _ ;o  TkyiAx
u; =G"e .

We will now proceed to analyse, using the von Neummann method, the stabil-
ity of some of the schemes discussed in the previous sections.

Example 1 Consider the explicit scheme (36) for the diffusion equation
u; — bu,, =0 expressed here as

bAt

Wit =0l + (1= 22)uf + Ju? =

it+1

A

We assume u! = G"e!*"A% and substitute in the equation to get
G =1+ 2A[cos(k,Ax) —1].

Stability requires |G| < 1. Using —2 < cos(k, Ax) — 1 <Owegetl —41 <
G < 1 and to satisfy the left inequality we impose

1
—-1<1-41<G = /155.
This means that for a given grid size Ax the maximum allowable timestep is
At = (Ax?/2b).
Example 2 Consider the implicit scheme (37) for the diffusion equation
u, — bu,, =0 expressed here as

bAt
1=

Al —( 2D == A= T

i+1 = T
The amplification factor is now
G = 1
T 14 A2 —cos S)

and we have |G| <1 for any f,, if 4 > 0. This scheme is therefore uncondi-
tionally stable for any Ax and Ar. This is obtained at the expense of solving
a linear system of equations. However, there will still be restrictions on Ax
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and At based on the accuracy of the solution. The choice between an explicit
or an implicit method is not always obvious and should be done based on the
computer cost for achieving the required accuracy in a given problem.

Example 3 Consider the upwind scheme for the linear advection equa-
tion u, + au, =0 with a > 0 given by

alt

n+1 n no.
™ =1 —-o)u! +ou’_ o=——.
i i i—1 Ax

Let us denote fS,, = k,, Ax and introduce the discrete Fourier expression in the
upwind scheme to obtain

G=(1—-0)+oge/n

The stability condition requires |G| < 1. Recall that G is a complex number
G=¢(+1nso

&=1—0+40 cos f,; n=—o sinf,

This represents a circle of radius ¢ centred at 1 —¢. The stability condition
requires the locus of the points (&, #) to be interior to a unit circle &2+ 5 < 1.
If ¢ < O the origin is outside the unit circle, 1 —¢ > 1, and the scheme is
unstable. If ¢ > 1 the back of the locus is outside the unit circle 1 —2¢ < 1 and
it is also unstable. Therefore, for stability we require 0 < ¢ < 1, see Fig. 13.

Example 4 The forward in time, centred in space scheme for the advec-
tion equation is given by

o alt
wit = uf — E(M?H —ui_y); o= Ax

Figure 13. Stability region of the upwind scheme.
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The introduction of the discrete Fourier solution leads to

G=1- %(elﬁ’” —e Pmy=1—1I0o sin p,

Here we have |G|> =1 + o2 sin® f,, > 1 always for %0 and it is therefore
unstable. We will require a different time integration scheme to make it stable.

6.3. Convergence: Lax Equivalence Theorem

A scheme is said to be convergent if the difference between the computed
solution and the exact solution of the PDE, i.e., the error E]' = u} — u(x;, t"),
vanishes as the mesh size is decreased. This is written as

lim |E!|=0
Ax,At—0
for fixed values of x; and #". This is the fundamental property to be sought
from a numerical scheme but it is difficult to verify directly. On the other hand,
consistency and stability are easily checked as shown in the previous sections.

The main result that permits the assessment of the convergence of a scheme
from the requirements of consistency and stability is the equivalence theorem
of Lax stated here without proof:

Stability is the necessary and sufficient condition for a consistent linear FD
approximation to a well-posed linear initial-value problem to be convergent.

7. Suggestions for Further Reading

The basics of the FDM are presented a very accessible form in Ref. [7].
More modern references are Refs. [8, 9].

An elementary introduction to the FVM can be consulted in the book by
Versteeg and Malalasekera [10]. An in-depth treatment of the topic with an
emphasis on hyperbolic problems can be found in the book by Leveque [2].

Two well established general references for the FEM are the books of
Hughes [4] and Zienkiewicz and Taylor [11]. A presentation from the point
of view of structural analysis can be consulted in Cook et al. [11]

The application of p-type finite element for structural mechanics is dealt
with in book of Szabo and Babuska [5]. The treatment of both p-type and spec-
tral element methods in fluid mechanics can be found in book by Karniadakis
and Sherwin [6].

A comprehensive reference covering both FDM, FVM and FEM for fluid
dynamics is the book by Hirsch [13]. These topics are also presented using a
more mathematical perspective in the classical book by Quarteroni and Valli
[14].
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