et 7 (V] 2 L
N2A500 YS25H0d200M015 KSHAYMOOS
")uJJJ ,’"v,JuJJ‘)Ju‘) - _)_),_)‘J % 1019/

D\ ( ( [ < /. b‘ / r -~ ( 9 9 N

3305 5

 sbiybrgabogob @ Sebiob, gobogob gyl Bagyemabgds 2, ' @, oggbudy (2016)



Fourier Transform

f(t) — Function;  F(») — Fourier harmonic

F(w) = T f(t)exp(iot)dt

—00

f(t) = %TF (w)exp(—lat)do

F = F(w) : Spectral Distribution, Spectrum
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Fourier Transform

Time / Frequency

F(w) = T f(t)exp(iwt)dt

—00

Co-ordinate / Wave-number

F (k) = joo f (x) exp(ikx)dx

—0o0

Temporal (Spatial) spectrum: Spectral Analysis

SLHBOBobooL @s 3esBBol BoBool sdesbgdol dmEgmwotgds 2, sem, og3bodg (2016)



sunspot Data

Sunspot Data

200
180k | 18l ® Period=11.0385 i
160 } ] g 16} i
140} g 1.4} i
120} i 12} i
5
100 F I 1 z 1t i
(N
80 b H 08t i
B0 b 4 06} !
40 i 04} i
20 U L \( | 02} |
] 1 1 1 | 0 1 1 1
1700 1750 1800 1850 1900 1950 2000 0 5 10 15 20 25 30 35 40
Period (Years/Cycle)
Time series Spectrum

load sunspot.dat
Year = sunspot(:,1); Wolf = sunspot(:,2);
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Spectrogram
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FT. Properties
Linear Superposition

f,(t)+ 1,(t) > F (o) + F, (o)

Correlation
[ 1,@) 1, (t=7)d7 > F,(0)F,(0)

Convolution
j f,()f,(t+7)dr > F,(0)F, (@)

@®@B0Bool @s 3esB3ol Bobogol dmzsbgdols dm@gmomgds 2,
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Discrete Fourier Transform

Continuous: X=(-c0... )
Discrete: Xe = ( Xy oo X))
N-1 k
K= exp(—iZﬂ—nj
n=0 N
i PR
T e Xkexp(|27z—nj
N N
k=0 ... (N-1) Discrete Spectrum

LHO®ZoBogol @s 3esbdol Bobogol sdmzsbydols dmpgmongds 2,

O .
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DFT constraints

|_ength-Scales:
Domain Size: L = Xy— X;
Step Size: AX =X, — X, ;1 , AX=L/(N-1)

Wave-Numbers:
Maximal wave-number: K =2z/ AX
Minimal wave-number: AK =2z/ L

Number of Fourier Harmonics: N
(sampling rate, resolution)
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Sampling

1.6
1 42-_
D.S—_

Discretization: oo
Sample continuous o . , , .

“0.00 0.01 0.0z 003 ong

function ol Ts

o e e y
-0. * * . . .
n-Follower ¢ 10000 sanples/sec) 08 * . .
1.2 .t 268 . 4o |
0.00 0.01 0.02 0.03 ong 005

Nyquist critical frequency:
o.=1/2A

0 < O,
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Sampling
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Allasing

h(7)
ﬂ //\\ ’
i

< T >

(@

(b)

-
- ‘\‘
.- o4
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Allasing

Aliasing defects to spectral power

A

K, =& -k,
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Number of Harmonics

e c= (0 0 Fou 100y
y = sin(t);
plOt (tl Y) ’
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Number of Harmonics

e c= (0 0 Fou 100y
1 ST ) A s T B 37
plOt ey Y) ’
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Number of Harmonics

e c= (0 0 Fou 100y
A5 1 S BT ) 8 S T SR R 316

sin(5*t) /5+ sin(7*t)/7 + sin(9*t)/9;
plot (t,y); 1
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Glbbs Effect

The hl.nll:lmg of a square wave: Gibbs' effect

ZZZ \0'\ LG M

Density of the spectrum

1 1 1 | 1 1 1
o 20 40 G0 g0 100 120 140 160
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Gibbs Effect

¥y t)
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Time
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Gibbs in 2D

(X,Y) [ (KX, Ky)
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Fast Fourier Transform

DFT:
O(N?) calculation process

FFT Algorithm: (N=2m)
O(N log N) calculation process
(Cooley, Turkey 1960, ... Gauss 1805)

N =10° FFT :30sec
FT 2 week
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PDE: Spectral Method

PDE: 0 o 02 oy
S AXTN=E X,
g Gl F e e U,
Fourier decomposition a(k,t) = jA(x,t) exp(1kx)dx
In SPACE: -

/\.

| %a(k,t) +c2k2a(k, 1) b exp(ikx)dx = 0

.

ODE solver: a = a(k,t)
Inverse Fourier transform: A = A(X,t)
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Spectral Simulations

Discrteize PDE: Sampling
DFT: mostly FFT

1. Transform PDE to spectral ODE
2. Solve ODE (e.g., R-K)
3. Inverse transform to reconstruct solutions

L@®Ez0bolL @ 3esB3ol BoBooL s3m3sbIdOl dmEgmwotgds 2,
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Spectral ' Method: Features

Initial Value Problem
- Calculate initial values In k-space

Boundary Value Problem
- Integrate boundaries into k-space

Spatial Inhomogeneities
- Introduce numerical variables to homogenize
- Integrate during reconstruction
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Spectral Method: Problems

1. Shocks
Discontinuity: A—>0
Ky =1/2A —> o0
K < K

2. Complex Boundaries
[1I-known numerical instabilities;

3. Nonlinearities
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Spectral Method: Variants

 Pseudo-spectral Method
Pseudo-spectral basis:
Legendre polynomials;

Chebishev polynomials;

Expansion coefficients: colocation, Galerkin,...
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& 1’14 —

16> — 20z° + Hx.

= 2zT,(x) — T,_1(x).
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Initial condition
Final solution

v = 1072 and the initial conditi
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1.0;

256;
2%x1/N;
(1-N/2:N/2)*dx; % physical space discretization
0.01; %

5.0; % time where we compute the solution
pi/l; %

[0:N/2 -1]*dk; % vector of wavenumbers

half-length of the domain
number of Fourier modes

o o° o©

distance between two collocation points
diffusion parameter

discretization step in Fourier space

k.*2; % almost 2nd derivative in Fourier space

u0 sech (10.0*x) .72; % initial condition
u0 hat = fft(ul); % Its Fourier transform

and the solution at final time:
real (1fft (exp (-nu*xk2*T) .*ul0 hat));
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Comparison

Spectral Method:
Linear combination of continuous functions;

Global approach;

Finite Difference, Flux conservation:
Array of piecewise functions;
Local approach;
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+ /[ -

+ (very) fast for smooth solutions
+ Exponential convergence
+ Best for turbulent spectrum

- Shocks

- Inhomogeneities

Complex Boundaries

- Need for serial reconstruction (integration)
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Chaotic flows

Post-processing:
Partial Reconstruction at different length-scales
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end

www. tevza.org/home/course/modelling-II 2016/
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